Remark: Since the validity of (3) 
Remark: Since the validity of (3) has been shown by Song [1] without any recourse to Euler's formula (2) , hence the last induction that (3) implies (2) truly becomes the inductive proof of Euler's formula (2) . It should be noted, however, that (3) has the advantage that one finds S, without finding B2k• n 2~n6 For example, (3) gives S, 6 ' S2 90' S3 = 945' etc.
Short proofs of Jensen's and Levinson's Inequalities
The two inequalities mentioned in the title of this note read as follows.
Jensen's Inequality:
Let 0 < XI < X2 < ... < Xn and let Wk > 0 for k = I, 2, ... , n, with LWk = I and let the function f satisfy /2)~0 in the interval spanned by the xi. Then 
Note: Here, and in all that follows, summations are from 1 to n.
Several proofs of these inequalities are known. Jensen's inequality, in particular, is proved in most relevant textbooks. The original proof of Levinson's inequality can be found in [1] and further references to both are given in [2] .
Special cases: If we take f (x) = -In x in Jensen's inequality and then take the inverse logarithm of both sides we obtain the well-known Arithmetic Mean -Geometric Mean Inequality. And, by taking the same f (x) in Levinson's inequality we obtain the special case known as Ky Fan's Inequality (see [1] ).
It is our purpose here to present short proofs of the above two inequalities. These proofs, as well as being very short, may also have the virtue of being new. In fact, instead of proving the classical Levinson Inequality we shall prove the following generalised form of it.
Levinson's Inequality (generalised):
Let {xd7 and {yd7 be n-tuples of distinct positive numbers with max {xd < min {yd. Let Wk > 0 for and this concludes the proof.
Proof of the Generalised Levinson Inequality: Let
Then and that is,
where a E span {Xk} and 13 E span {Yk}' because all the multipliers in each summation in (2) 
Hence J (A) is deceasing so that
that is and this completes the proof. 
Regular polygons with integer coordinates
The results in this paper are all known, but I collect them as an extension topic for able sixth-formers studying advanced trigonometry. In our syllabus this appears in the Core 4 module and I have used this material with Double Maths students. Many of the propositions are worth proving individually, even if you do not have time to cover the whole series.
The question we will answer is this: What regular polygons can be drawn using only integer coordinates? With the right class, you could issue them with square dotty paper and see what they come up with. The chances are that they will come up with plenty of squares. They might also come up with equiangular octagons, equilateral octagons, equilateral hexagons but no truly regular polygons except squares.
Proposition I: If A, Band C are points with integer coordinates in two dimensions, then tan LABC is rational or undefined.
Proof
There are several configurations, but a typical one is shown in Figure I . The results below may also be generalised similarly.
